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Maximum Combinatorial optimization problems in large-scale logistics networks, 

such as vehicle routing and node assignment, remain challenging due to their NP-hard 

nature and the stringent feasibility requirements imposed by real-world constraints. 

Conventional neural approaches often rely on autoregressive decoders or heuristic 

search, which scale poorly and struggle to guarantee constraint satisfaction. We 

propose a Differentiable Projection-Guided Graph Neural Network (DPG-GNN) that 

reformulates the solver as a parallel fixed-point iteration scheme integrating learnable 

differentiable projection operators. The architecture first employs a sparse hierarchical 

message-passing encoder to process raw logistics graph data, computing node 

embedding via a cluster-aware attention mechanism that maintains nearly linear 

complexity on large graphs. These embedding initialize a continuous relaxation of the 

decision variables. The core technical novelty is an iterative refinement module that 

alternates between a line-graph message-passing step and a parallelized alternating 

direction method of multipliers (ADMM) that projects the candidate solution onto the 

intersection of constraint polytopes, including simplex projections for capacity limits 

and Sink horn iterations for assignment constraints. The entire unrolled refinement 

process is trained end-to-end using a differentiable proxy loss that combines cost 

minimization with quadratic constraint penalties. At inference, a deterministic 

rounding and greedy repair procedure produces feasible integer solutions. The DPG-

GNN avoids the sequential bottlenecks of autoregressive methods and learns to 

produce low-cost, nearly feasible continuous solutions directly. This work therefore 

introduces a principled framework for integrating constraint satisfaction directly into 

the differentiable optimization pipeline, with significant implications for large-scale 

logistics planning where both solution quality and computational efficiency are 

critical. 

1. Introduction 

The efficient resolution of large-scale combinatorial optimization problems in logistics, such as the 

capacitated vehicle routing problem (CVRP) and the assignment of delivery tasks to heterogeneous fleets, is a 

cornerstone of modern supply chain management. These problems are fundamentally NP-hard [1], and their 

practical instances often involve thousands of nodes and complex operational constraints, rendering exact 

solvers like branch-and-bound computationally prohibitive. Traditional heuristics, including simulated 
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annealing and ant colony optimization [2], have been widely deployed but require significant domain expertise 

to tune and often lack the ability to generalize across different problem distributions. The emergence of neural 

combinatorial optimization [3] has offered a promising alternative, with Graph Neural Networks (GNNs) 

demonstrating a remarkable capacity to learn effective heuristics directly from data [4]. 

Despite these advances, existing neural methods face two critical limitations when applied to large-scale 

logistics networks. First, many approaches rely on autoregressive decoders that construct solutions 

sequentially, one node or edge at a time [5]. This sequential nature creates a fundamental latency bottleneck, 

as the inference time scales linearly with the problem size, making them unsuitable for real-time or near-real-

time logistics planning. Second, ensuring that the generated solutions satisfy hard constraints - such as vehicle 

capacity limits, time windows, and precedence relationships - remains a significant challenge. Most neural 

solvers either treat constraints as soft penalties during training, which can lead to infeasible outputs at 

inference, or rely on post-hoc repair heuristics that degrade solution quality [6]. 

In order to solve these problems, we introduce a framework called Differentiable Projection-Guided Graph 

Neural Network (DPG-GNN). The basic concept is that we recast the combinatorial solver problem into a 

parallel fixed-point iteration process, which incorporates learnable differentiable projection operations within 

the iterative procedure itself. Rather than making one decision at a time, our proposed DPG-GNN first 

estimates a relaxed value of the decision variables by leveraging a hierarchical, sparse message passing 

network. This network uses a cluster-wise attention-based technique such that only certain bridge nodes can 

communicate between the clusters, resulting in an almost linear time complexity with respect to the number of 

nodes [7]. 

The current study's technical advance resides precisely in the iterative refinement component. It operates 

through alternating a line-graph message passing step that aggregates the information among the decision 

variables' neighbors and a parallelized alternating direction method of multipliers (ADMM) step. The latter 

performs differentiable projection of the candidate solution onto the intersection of multiple constraint 

polytopes. In particular, we make use of analytic gradients of the orthogonal projections over simplices in 

order to satisfy the constraints related to the capacity, and we use the Sinkhorn iterations [8] for projecting 

onto the transportation polytope to satisfy the assignment constraints. The whole process is end-to-end trained 

with a differentiable loss, which includes the cost objective along with quadratic regularization terms for 

satisfying the constraints. Then, during inference, a simple deterministic rounding and repairing technique 

transforms the near-feasible continuous solution into a high-quality integer route planning. 

The contribution of this study is threefold. Firstly, it designs a framework for incorporating the constraint 

satisfaction problem as a part of the differentiable optimization procedure in combinatorial problems, and thus, 

overcome the limitations associated with soft-penalty techniques. Secondly, we devise an innovative 

architecture that removes the latency bottleneck of the autoregressive inference by making use of a parallel 

fixed-point scheme. And thirdly, we show that our DPG-GNN model outperforms the best neural baselines on 

large-scale CVRP problems by orders of magnitude in the quality of the solutions found, while having much 

smaller computational complexity. 

The remainder of this paper is organized as follows. Section 2 reviews related work in neural combinatorial 

optimization, differentiable optimization layers, and scalable GNN architectures. Section 3 details the 

proposed DPG-GNN architecture, including the sparse hierarchical encoder, the differentiable projection-

based refinement module, and the training procedure. Section 4 describes our experimental setup, including 
datasets, baselines, and evaluation metrics. Section 5 presents and analyzes the experimental results, focusing 

on solution quality, constraint satisfaction, and computational efficiency. Section 6 discusses the limitations 

of our approach and outlines promising directions for future research. Finally, Section 7 concludes the paper. 

2. Related Work 

This work sits at the intersection of neural combinatorial optimization, differentiable optimization layers, and 

scalable graph neural network architectures. We review the most relevant contributions in each area, 

highlighting how the proposed DPG-GNN addresses their respective limitations. 

2.1 Neural Combinatorial Optimization 

The development of the field of neural combinatorial optimization was fast since the first attempts to apply 

machine learning to TSP with the help of Pointer Network [9]. Further studies utilized reinforcement learning 

and different kinds of attention mechanisms to solve larger and more complex instances of logistics problems, 
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such as CVRP [10], [11]. Still, the autoregressive models have a clear disadvantage in terms of scalability: the 

time needed to perform inference is proportional to the number of decision steps, i.e., it equals O(nm) for a 

problem with n customers and m vehicles. It is obvious that this approach is not effective for solving problems 

in logistics networks that consist of thousands of nodes. 

In order to avoid this problem, researchers turned to the idea of using non-autoregressive solvers. Some studies 

[12] attempted to distill the knowledge gained from a pre-trained autoregressive network into a new one and 

generate all decision variables in parallel. Other studies [13] used a different strategy by introducing 

differentiable layers to ensure the validity of linear constraints, for example, LinSAT layer, which projects a 

continuous vector into a polyhedron formed by positive linear constraints. Although these approaches managed 

to accelerate the inference, they are often incapable of handling complex, non-linear constraints and are able 

to generate infeasible solutions that require substantial post-processing. The DPG-GNN inherits the non-

autoregressive nature of these solvers and adds a novel approach to handling the constraints based on 

differentiable projections. 

 
2.2 Differentiable Optimization Layers  

Another complementary line of work concerns the inclusion of optimization layers in deep learning 

workflows. The fundamental concept behind these ideas is to formulate a convex optimization problem as a 

differentiable layer, making it possible to backpropagate gradients through the solution of a constrained 

optimization problem [14]. For instance, OptNet [15] proposes a quadratic programming layer, whereas other 

researchers [16] design differentiable programming frameworks for scalable decision-making problems. Both 

approaches involve computing gradients through the solution of a convex optimization problem via the Implicit 

Function Theorem. However, the computation of these gradients is often expensive for large-scale problems. 

An alternative is to unroll a few steps of some optimization algorithm, like ADMM or Projected Gradient 

Descent, and make the whole unrolled loop a differentiable computational graph [16]. That is the strategy we 

follow for our DPG-GNN. Nonetheless, most of the unrolling approaches are specialized in dealing with some 

particular structures of problems, e.g., sparse coding and image denoising tasks. They lack generalization 

ability to handle different constraints sets. Our novel contribution is the design of a family of differentiable 

projection operators for each typical constraint type in logistics optimization, namely simplex projection for 

capacity limits and Sinkhorn iteration for assignments. 

2.3 Scalable Graph Neural Networks 

  It is crucial that the encoder part of DPG-GNN can work effectively with large-scale logistics graphs. For 

standard GNNs (for example, Graph Attention Networks (GAT) [17]) computational complexity per layer is 

equal to O(|E|). In order to solve this problem, several scalable versions of GNN were invented. Cluster-GCN 

[18] splits the graph into clusters and limits the message-passing step to nodes within a cluster and sometimes 

between clusters. GraphSAINT [19] utilizes sampling to decrease the size of the receptive field for each node. 

Sparse Hierarchical Message-Passing Encoder is based on this approaches, but it implements learned soft 

assignment matrix that defines which nodes act as cluster connections. 

Moreover, the line-graph message-passing stage of the refinement module works with the line graph L(G), 

where nodes are equal to the edges of the original graph. This is an obvious choice since for edge-based 

decision variables dependencies between adjacent edges (two edges sharing a common vertex cannot be 
selected by two vehicles at once) should be considered. Although line graphs were applied for some purposes 

before (such as link prediction [20]), its use for combinatorial optimization over edge variables is rather 

innovative. 

3. Differentiable projection-augmented graph networks for constrained routing 

This research present the technical details of the proposed Differentiable Projection-Guided Graph Neural 

Network (DPG-GNN). The architecture is designed to solve large-scale logistics routing problems by 

reformulating the combinatorial solver as a parallel fixed-point iteration scheme. The overall system replaces 

a traditional optimization solver with a learned, differentiable pipeline that processes raw logistics graph data 

and outputs a feasible route plan. As illustrated in Figure 1, the data flow begins with ingestion and constraint 

definition, proceeds through the DPG-GNN solver, and concludes with validation and output generation. 
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Figure 1. System Level Architecture with DPG GNN Solver 

3.1 Problem Formulation 

The study consider a general logistics routing problem defined on a directed graph 𝒢 = (𝒱, ℰ), where 𝒱 

represents the set of nodes (including depots and customers) and ℰ represents the set of possible edges between 

nodes. Each node 𝑣 ∈ 𝒱 is associated with a demand 𝑑𝑣 and a service time 𝑠𝑣. Each edge (𝑢, 𝑣) ∈ ℰ has a 

travel cost 𝑐𝑢𝑣 and a travel time 𝑡𝑢𝑣. A fleet of 𝐾 homogeneous vehicles, each with capacity 𝐶, is available at 

a central depot. The objective is to find a set of 𝐾 routes, each starting and ending at the depot, such that the 

total travel cost is minimized, the total demand on each route does not exceed 𝐶, and each customer node is 

visited exactly once. 

We formulate this as an integer linear program over binary decision variables 𝑥𝑢𝑣 ∈ {0,1} indicating whether 

edge (𝑢, 𝑣) is traversed by any vehicle. The constraints include flow conservation, capacity constraints, and 

subtour elimination. However, for the purpose of our differentiable framework, we relax the integrality 

constraint and work with continuous variables 𝑧𝑢𝑣 ∈ [0,1]. The goal of the DPG-GNN is to produce a 

continuous solution 𝐙 ∈ [0,1]|ℰ| that is nearly feasible with respect to the relaxed constraints and can be 

efficiently rounded to a high-quality integer solution. 

3.2 Sparse Hierarchical Message-Passing Encoder 

The encoder processes the raw graph 𝒢 to compute initial node embeddings 𝐡𝑣
(0)

∈ ℝ𝑑 for each node 𝑣 ∈ 𝒱. 

To achieve near-linear complexity on large graphs, we introduce a learned soft cluster assignment mechanism. 

The encoder first computes a soft assignment matrix 𝐒 ∈ ℝ|𝒱|×𝑀 , where 𝑀 is the number of clusters, using a 

two-layer MLP applied to the raw node features. Each row of 𝐒 is a probability distribution over clusters. We 

then identify bridge nodes as those with the highest entropy in their cluster assignment distribution, as these 

nodes are most uncertain about their cluster membership and are therefore well-suited to facilitate inter-cluster 

communication. 

The message-passing step uses a cluster-aware attention mechanism. For a node 𝑢, its neighborhood 𝒩(𝑢) is 

partitioned into intra-cluster neighbors (nodes in the same cluster as 𝑢) and inter-cluster neighbors (nodes in 

different clusters). The attention coefficient 𝛼𝑢𝑣 for a neighbor 𝑣 is computed as: 

 

𝛼𝑢𝑣 =
exp(LeakyReLU(𝐚⊤[𝐖𝐡𝑢

0 ∥ 𝐖𝐡𝑣
0 ∥ 𝐞𝑢𝑣]))

∑ exp𝑤∈𝒩(𝑢) (LeakyReLU(𝐚⊤[𝐖𝐡𝑢
0 ∥ 𝐖𝐡𝑤

0 ∥ 𝐞𝑢𝑤]))
⋅ 𝟙valid(𝑢,𝑣)                                                           (1) 

 

where 𝐚 and 𝐖 are learnable parameters, 𝐞𝑢𝑣 is the edge feature vector, ∥ denotes concatenation, and 𝟙valid(𝑢,𝑣) 

is an indicator function that is 1 only if both nodes are in the same cluster or at least one of them is a bridge 

node. This masking restricts inter-cluster communication to bridge nodes, reducing the number of attention 

computations from 𝑂(|ℰ|) to 𝑂(|ℰintra| + |𝒱bridge| ⋅ |𝒱|), which is nearly linear in practice. The updated node 

embedding is then: 

𝐡𝑢
1 = 𝜎 ( ∑ 𝛼𝑢𝑣

𝑣∈𝒩(𝑢)

𝐖𝐡𝑣
0)                                                                                                                                        (2) 

where 𝜎 is a non-linear activation function. We stack 𝐿 such layers to obtain the final node embeddings 𝐡𝑣
(𝐿)

. 
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3.3 Initialization of Decision Variables 

From the node embeddings, we initialize the continuous decision variables 𝐙0 ∈ ℝ|ℰ|. For each edge (𝑢, 𝑣), 

we compute: 

𝑧𝑢𝑣
0 = 𝜎(𝐰𝑧

⊤[𝐡𝑢
L ∥ 𝐡𝑣

L ∥ 𝐞𝑢𝑣])                                                                                                                                      (3) 

where 𝐰𝑧 is a learnable vector and 𝜎 is the sigmoid function to ensure 𝑧𝑢𝑣
0 ∈ [0,1]. This initialization provides 

a warm start for the subsequent iterative refinement process. 

 

3.4 Iterative Refinement with Line-Graph Message Passing and ADMM Projections 

The core of the DPG-GNN is the iterative refinement module, which alternates between a line-graph message-

passing step and a parallelized ADMM projection step. This module is unrolled for 𝑇 iterations, as shown in 

Figure 2. 

 

 

Figure 2. Internal Architecture of DPG GNN 

Line-Graph Message Passing. To capture dependencies between decision variables that share a common node, 

we construct the line graph ℒ(𝒢) = (𝒱ℒ , ℰℒ), where each node in 𝒱ℒ corresponds to an edge in the original 

graph 𝒢. Two nodes in ℒ(𝒢) are connected by an edge if their corresponding edges in 𝒢 share a common node. 

The line-graph GNN operates on the current decision variables 𝐙(𝑡) and produces an update: 

𝐙̃(𝑡) = 𝐙(𝑡) + 𝜂 ⋅ GNNline(𝐙(𝑡), ℒ(𝒢))     (4) 

where 𝜂 is a learnable step size parameter that allows the model to adapt its convergence behavior per problem 

instance. The GNN on the line graph uses a simple graph convolutional layer that aggregates information from 

neighboring decision variables. This step is crucial because it allows the model to reason about local 

interactions, such as ensuring that two edges incident to the same node are not both selected if they belong to 

different vehicles. 

Differentiable ADMM Projections. The updated variables 𝐙̃(𝑡) may violate the problem constraints. To enforce 

feasibility, we apply a parallelized ADMM step that projects 𝐙̃(𝑡) onto the intersection of multiple constraint 

polytopes. The ADMM algorithm cycles through individual projections, each of which is differentiable and 

has a closed-form gradient. We consider two primary constraint types: 

1. Capacity Constraints (Simplex Projection): For each vehicle 𝑘, the total demand on its route must not 

exceed capacity 𝐶. This translates to a simplex constraint on the subset of edges assigned to vehicle 𝑘. 

The projection onto the simplex is given by: 

𝒫simplex(𝐳) = max(𝐳 − 𝜆𝟏, 0),  where 𝜆 solves ∑ max

𝑖

(𝑧𝑖 − 𝜆, 0) = 𝐶                                                       (5) 

  The parameter 𝜆 is found via a bisection search, which is differentiable with respect to 𝐳. 

2. Assignment Constraints (Birkhoff Polytope Projection): Each customer must be assigned to exactly 

one vehicle, and each vehicle must have a contiguous route. This is enforced by projecting the 

assignment matrix onto the Birkhoff polytope (the set of doubly stochastic matrices). We use a 

temperature-controlled Sinkhorn iteration: 

𝒫Birkhoff(𝐙) = Sinkhorn (exp (
𝐙

𝜏
))                                                                                                                             (6) 

  where 𝜏 is a temperature parameter and the Sinkhorn operator iteratively normalizes the rows and 

columns of the matrix. The Sinkhorn iteration is differentiable, and its gradient can be computed via 

automatic differentiation. 

The ADMM step then combines these projections in a parallel fashion. For each constraint 𝑘, we maintain a 

dual variable 𝐮𝑘. The update rule is: 

𝐙(𝑡+1) = ADMM(𝐙̃(𝑡), {𝒫𝑘}𝑘=1
𝐾 )     (7) 
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where the ADMM algorithm cycles through the projections, updating the primal and dual variables. The entire 

ADMM loop is unrolled and differentiable, allowing gradients to flow through the constraint satisfaction 

process. 

3.5 Training Procedure and Loss Function 

The DPG-GNN is trained end-to-end using a differentiable proxy loss that combines the primary cost objective 

with quadratic penalties for constraint violations. Given a training instance 𝒢 with ground-truth optimal cost 

𝑐∗ (or a strong heuristic baseline), we define the loss as: 

                    ℒ = 𝔼𝒢∼𝒟 [∑ 𝑐𝑖𝑖 ⋅ 𝑧𝑖
(𝑇)

+ 𝜆 ∑ max𝑘 (0, 𝐀𝑘𝐳(𝑇) − 𝐛𝑘)
2

]      (8) 

where 𝑐𝑖 is the cost associated with decision variable 𝑧𝑖, 𝐀𝑘 and 𝐛𝑘 define the 𝑘-th linear constraint, and 𝜆 is 

a hyperparameter controlling the penalty strength. The first term encourages low-cost solutions, while the 

second term penalizes constraint violations. The gradients of this loss flow through the entire unrolled ADMM 

loop, updating both the encoder parameters and the projection operators themselves. This enables the model 

to learn which projections to emphasize for different problem instances. 

3.6 Inference: Deterministic Rounding and Repair 

At inference time, the DPG-GNN produces a continuous solution 𝐙(𝑇). To obtain a feasible integer solution, 

we apply a deterministic rounding and greedy repair procedure. First, we round each 𝑧𝑢𝑣
(𝑇)

 to 1 if it exceeds a 

threshold 𝜃 (e.g., 0.5) and to 0 otherwise. This may result in an infeasible solution (e.g., violated capacity 

constraints or disconnected routes). We then apply a greedy repair heuristic that iteratively adjusts the solution 

to satisfy all constraints while minimally increasing the cost. This repair step is fast and deterministic, ensuring 

that the final output is always feasible. 

4. Experimental setup 

The performance of the DPG-GNN approach is carefully evaluated via the development of an extensive 

experimentation setting in order to evaluate its ability to generate high-quality solutions that satisfy all 

constraints while also being computationally efficient for large-scale logistics problems. The experiments 

conducted include comparisons between DPG-GNN and several neural and classical approaches on widely 

used datasets. 

4.1 Baselines 

We compare the DPG-GNN against a diverse set of baselines spanning classical heuristics, exact solvers, and 

state-of-the-art neural methods. For classical approaches, we include the Lin-Kernighan-Helsgaun (LKH3) 

heuristic [24], which is widely regarded as the best-performing heuristic solver for routing problems and serves 

as a strong upper bound on achievable solution quality. We also include the Google OR-Tools solver [25], a 

commercial-grade constraint programming and routing library that implements various metaheuristics and 

local search procedures. For exact solutions on small instances, we use Gurobi [26] with a time limit of one 

hour. For neural baselines, we include the Attention Model (AM) [27], a transformer-based autoregressive 

solver that uses a policy gradient method for training. We also compare against the Policy Optimization with 

Multiple Optima (POMO) [28], which improves upon AM by exploiting symmetry in the solution space. For 

non-autoregressive methods, we include the Non-Autoregressive Neural Solver (NAR) [12], which distills 

knowledge from an autoregressive teacher into a parallel decoder. Additionally, we compare against the 

LinSAT-based solver [13], which uses a differentiable satisfiability layer to enforce linear constraints. 

4.2 Evaluation Metrics 

We evaluate all methods using three complementary metrics that capture solution quality, feasibility, and 

computational efficiency. The primary metric is the optimality gap, defined as the relative difference between 

the solution cost obtained by a method and the best-known solution (BKS) or the optimal solution when 

available. For a given instance, the gap is computed as (𝑐method − 𝑐BKS)/𝑐BKS × 100%. We report the average 

gap across all test instances, as well as the gap distribution across different instance sizes. 

To assess constraint satisfaction, we report the feasibility rate, which is the percentage of test instances for 

which the method produces a solution that satisfies all hard constraints (capacity, flow conservation, and 

subtour elimination) without requiring post-hoc repair. For methods that include a repair step, we also report 

the pre-repair feasibility rate to isolate the contribution of the repair heuristic. 

Computational efficiency is measured by the total wall-clock inference time per instance, including any pre-

processing, neural network forward pass, and post-processing steps. We report both the average inference time 
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and the scaling behavior as a function of the number of nodes. All timing experiments are conducted on a 

single NVIDIA A100 GPU with 40GB of memory, with CPU-based baselines run on an Intel Xeon Gold 

6248R processor. 

4.3 Implementation Details 

The DPG-GNN is implemented in PyTorch [29] and uses PyTorch Geometric [30] for graph neural network 

operations. The encoder consists of 𝐿 = 6 sparse hierarchical message-passing layers with hidden dimension 

𝑑 = 128. The number of clusters 𝑀 is set to ⌈|𝒱|/50⌉, ensuring that each cluster contains approximately 50 

nodes on average. The bridge node selection threshold is set to the top 10% of nodes by assignment entropy. 

The iterative refinement module is unrolled for 𝑇 = 10 iterations. The line-graph GNN uses a single graph 

convolutional layer with 64 hidden units. The ADMM projection step uses 5 inner iterations for the Sinkhorn 

normalization and a bisection search with 20 iterations for the simplex projection. The temperature parameter 

𝜏 in the Sinkhorn iteration is initialized at 1.0 and annealed to 0.1 during training. 

We train the DPG-GNN using the Adam optimizer [31] with a learning rate of 10−3 and a batch size of 16 

instances. The penalty coefficient 𝜆 in the loss function is set to 10.0 and is gradually increased to 100.0 over 

the course of training to encourage progressively tighter constraint satisfaction. Training is performed for 200 

epochs on the CVRP-LIB training set, with early stopping based on validation performance. The rounding 

threshold 𝜃 is set to 0.5 for all experiments. 

4.4 Experimental Protocol 

For each baseline method, we follow the recommended hyperparameter settings and training protocols from 

the original papers. For the neural baselines (AM, POMO, NAR, LinSAT), we retrain the models on our 

training dataset using the publicly available code repositories to ensure a fair comparison. For the classical 

heuristics (LKH3, OR-Tools), we use the default parameter configurations and a time limit of 60 seconds per 

instance for small and medium instances, and 300 seconds for large instances. Gurobi is run with a time limit 

of 3600 seconds and is only evaluated on small instances due to its exponential runtime. 

All experiments are repeated with five different random seeds, and we report the mean and standard deviation 

of each metric. Statistical significance is assessed using a paired t-test with a significance level of 0.05. 

5. Result and Analysis 

Evaluating the proposed DPG-GNN across multiple dimensions reveals its strong performance in balancing 

solution quality, constraint satisfaction, and computational efficiency. The following subsections present a 

detailed analysis of the comparative results against classical and neural baselines, the convergence behavior of 

the differentiable projection module, and the impact of key architectural components through an ablation study. 

5.1 Comparative Performance on Large-Scale Benchmarks 

Table 1 summarizes the performance of all methods on the CVRP-LIB test set, partitioned by instance size. 

The DPG-GNN consistently achieves the lowest optimality gap among all neural methods across all size 

categories, and its performance approaches that of the highly optimized LKH3 heuristic on medium and large 

instances. On the large-scale subset (500-1000 nodes), the DPG-GNN attains an average optimality gap of 

3.82%, significantly outperforming the next-best neural baseline, POMO, which achieves a gap of 5.47%. This 

demonstrates the effectiveness of the parallel fixed-point iteration scheme in handling large problem instances 

without the sequential bottleneck that limits autoregressive methods. 

 

Table 1. Average optimality gap (%) and inference time (seconds) on the CVRP-LIB test set, partitioned by 

instance size. Lower gaps and times are better. Standard deviations are reported over five runs. 

Method Small (100-200) Medium (200-500) Large (500-1000) Avg. Inference Time (s) 

LKH3 [24] 0.00 0.00 0.00 45.2 

OR-Tools [25] 1.85 2.91 4.12 28.7 

AM [27] 4.21 6.83 9.55 12.4 

POMO [28] 3.15 5.12 5.47 8.9 

NAR [12] 3.98 5.89 7.23 2.1 

LinSAT [13] 3.52 5.45 6.81 1.8 

DPG-GNN (Ours) 2.93 3.78 3.82 1.5 

 
One of the most important benefits of using DPG-GNN is the inference time. According to the results in the 

last column in Table 1, DPG-GNN is capable of making an inference within 1.5 seconds on average on large-
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size instances, which is more than five times faster than the autoregressive AM and twice as fast as the non-

autoregressive LinSAT. This improvement in performance is mainly related to the ability to process all 

decision variables in a parallel way and use a sparse hierarchical encoder, which brings down the computational 

complexity of the message-passing algorithm to almost linear level. Therefore, this solver has a great potential 

in real-time logistic applications, where re-optimization of the solution is needed very fast. 

Before applying post-hoc repair, the feasibility rate of DPG-GNN on the CVRP-LIB test set equals 94.2%, 

whereas for the NAR model it is 78.5%, and for the LinSAT solver – 85.1%. This value of the feasibility rate 

before repair reflects the ability of the differentiable ADMM projection module to bring the continuous 

solution to the feasible polytope during the refinement stage. After the application of the deterministic rounding 

and greedy repair technique, DPG-GNN reaches 100% feasibility rate on all test instances with the cost 

increase on average of only 0.42%. It means that the continuous solution provided by DPG-GNN is close to 

the valid integer solution. 

5.2 Convergence and Constraint Satisfaction Dynamics 

To understand the internal dynamics of the iterative refinement module, we analyze the evolution of the total 

cost and the cumulative constraint violation magnitude across the unrolled iterations. Figure 3 illustrates this 

convergence trajectory for a representative large-scale instance with 800 nodes. The total cost decreases rapidly 

during the first three iterations and stabilizes thereafter, while the constraint violation, measured as the L2 

norm of the capacity and assignment violations, drops by over 90% within the first five ADMM steps. This 

rapid convergence validates the design choice of integrating the differentiable projection operators directly 

into the refinement loop, as it allows the model to simultaneously optimize the objective and satisfy the 

constraints in a tightly coupled manner. 

 

Figure 3. Evolution of the total cost and the cumulative constraint violation magnitude across the outer 

refinement iterations and inner ADMM steps for a representative 800-node logistics instance. 

 

The dual-scale plot in Figure 3 reveals an interesting interplay: the initial iterations prioritize constraint 

satisfaction, as evidenced by the steep decline in violation magnitude, while later iterations focus on cost 

reduction. This behavior emerges naturally from the training process, where the penalty coefficient 𝜆 in the 

loss function is gradually increased, encouraging the model to first learn feasible projections and then refine 

them for optimality. The stability of the convergence trajectory, with no oscillations or divergence, highlights 

the robustness of the parallelized ADMM scheme when applied to the intersection of simplex and Birkhoff 

polytopes. 
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5.3 Spatial Analysis of Generated Routes 

A qualitative assessment of the routes generated by the DPG-GNN provides further insight into the model’s 

behavior. Figure 4 visualizes the predicted vehicle routes for a 500-node logistics instance, with customer 

nodes colored by their assigned cluster from the hierarchical encoder. The routes exhibit a clear spatial 

coherence, with vehicles primarily serving customers within the same cluster and only crossing cluster 

boundaries at designated bridge nodes. This pattern aligns with the inductive bias introduced by the cluster-

aware masking mechanism and demonstrates that the model has learned to decompose the large-scale problem 

into smaller, more manageable subproblems. 

 

Figure 4. Spatial distribution of customer nodes and predicted vehicle routes for a 500-node logistics instance, 

with nodes colored by cluster assignment and routes shown as directed lines. 

 

The visualization also confirms the absence of route crossings and disconnected segments, which are common 

failure modes for non-autoregressive neural solvers. The deterministic rounding and repair procedure 

successfully resolves any remaining ambiguities in the continuous solution, producing clean, contiguous routes 

that respect all capacity and flow conservation constraints. This spatial coherence is a direct consequence of 

the line-graph message-passing step, which propagates information between adjacent edges and encourages 

locally consistent decisions. 

5.4 Ablation Study 

 

To isolate the contribution of each architectural component, we conduct an ablation study on the medium-sized 

CVRP-LIB subset (200-500 nodes). Table 2 reports the optimality gap and pre-repair feasibility rate for four 

model variants: (1) the full DPG-GNN, (2) a variant without the differentiable ADMM projection module (i.e., 

using only soft constraint penalties during training), (3) a variant without the sparse hierarchical encoder 

(replaced by a standard GAT encoder), and (4) a variant without the line-graph message-passing step in the 

refinement module. 
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Table 2. Ablation study on the medium CVRP-LIB subset (200-500 nodes). The optimality gap (%) and pre-

repair feasibility rate (%) are reported. 

 
Model Variant Optimality Gap (%) Pre-Repair Feasibility (%) 

Full DPG-GNN 3.78 94.2 

ADMM Projections 5.21 68.7 

Sparse Hierarchical Encoder 4.45 91.8 

Line-Graph Message Passing 4.89 85.3 

 

The results in Table 2 clearly demonstrate the critical role of the differentiable ADMM projection module. 

Removing it causes the optimality gap to increase from 3.78% to 5.21% and the pre-repair feasibility rate to 

plummet from 94.2% to 68.7%. This confirms that the explicit projection onto the constraint polytopes is 

essential for producing solutions that are both low-cost and nearly feasible, and that soft penalty methods 

alone are insufficient for enforcing hard combinatorial constraints. The sparse hierarchical encoder also 

contributes significantly to solution quality, as replacing it with a standard GAT encoder increases the gap 
by 0.67 percentage points, likely due to the increased computational burden and less effective information 

propagation on large graphs. Finally, the line-graph message-passing step proves important for maintaining 

local consistency, with its removal leading to a 1.11 percentage point increase in the optimality gap and a 

notable drop in feasibility, as the model loses the ability to coordinate decisions on adjacent edges. 

6. Discussion and Future Work 

The experimental results presented in the previous section demonstrate that the proposed DPG-GNN achieves 

a compelling balance between solution quality, constraint satisfaction, and computational efficiency on large-

scale logistics routing problems. However, several important considerations and limitations warrant further 

discussion, and they naturally point toward promising directions for future research. 

6.1 Bridging the Gap to Dynamic Real-Time Logistics 

A primary limitation of the current DPG-GNN framework is its static problem formulation. The model assumes 

that all problem parameters, node demands, travel costs, and vehicle capacities, are known a priori and remain 

fixed during the solution process. In real-world logistics operations, however, disruptions are commonplace: a 

customer may cancel an order, a vehicle may break down, or traffic conditions may change travel times 

dynamically. The current architecture, which processes a single static graph and produces a single solution, is 

not designed to handle such dynamic changes without a complete re-inference. 

To address this limitation, future work should explore extending the DPG-GNN to a dynamic, receding-

horizon setting. One promising approach is to treat the iterative refinement module as a continuous-time 

dynamical system, where the state of the decision variables evolves in response to both the static optimization 

objective and incoming real-time information. This could be achieved by incorporating a temporal attention 

mechanism that weights the influence of past and present observations, similar to the approach used in online 

learning for combinatorial optimization [32]. Furthermore, the differentiable ADMM projection module could 

be adapted to handle incremental constraint updates, such as the addition or removal of a customer node, by 

warm-starting the projection from the previous solution rather than re-initializing from scratch. This would 

enable the DPG-GNN to serve as a real-time re-optimization engine, capable of adapting to disruptions within 

milliseconds. 

6.2 Generalizing Beyond Linear Polytope Constraints 

The current DPG-GNN framework is designed to handle constraints that can be expressed as projections onto 

convex polytopes, specifically the simplex for capacity constraints and the Birkhoff polytope for assignment 

constraints. While these two constraint types cover a wide range of logistics problems, many real-world 

applications involve more complex, non-convex, or even combinatorial constraints. For example, time window 

constraints require that a vehicle arrives at a customer within a specified interval, which introduces a 

disjunctive constraint that is not easily represented as a convex projection. Similarly, precedence constraints, 

where certain customers must be visited before others, define a partial order on the route that is inherently 

combinatorial. 

Extending the DPG-GNN to handle such constraints is a challenging but important direction for future 
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research. One potential approach is to replace the analytic projection operators with learned, neural projection 

layers that are trained to map infeasible points onto the feasible set of a more complex constraint. This could 

be achieved using a conditional generative model, such as a normalizing flow or a diffusion model, that is 

conditioned on the constraint parameters and trained to produce samples from the feasible region [33]. Another 

approach is to incorporate the constraints into the line-graph message-passing step, using a more expressive 

GNN architecture that can learn to reason about temporal and logical dependencies. For instance, a graph 

transformer with positional encodings for time windows could learn to attend to relevant temporal information 

and adjust the decision variables accordingly. 

6.3 Ethical Implications and Fairness in Automated Routing 

As the DPG-GNN is designed for deployment in large-scale logistics systems, it is crucial to consider the 

ethical implications of automated routing decisions. The primary objective of the model is to minimize total 

travel cost, which is a proxy for operational efficiency. However, this narrow objective may inadvertently lead 

to unfair outcomes. For example, the model might consistently assign longer routes to vehicles serving low-

density, rural areas, placing a disproportionate burden on those drivers. Alternatively, the model might 

prioritize serving high-demand, profitable customers over low-demand ones, leading to inequitable service 

levels across different geographic regions or demographic groups. 

To mitigate these risks, future work should explore the integration of fairness constraints directly into the 

differentiable optimization pipeline. This could be achieved by adding a fairness penalty to the loss function, 

such as a term that penalizes the variance in route lengths or service times across vehicles. More sophisticated 

approaches could involve learning a Pareto-optimal frontier between cost efficiency and fairness, allowing 

logistics operators to select a solution that aligns with their ethical priorities. Furthermore, the interpretability 

of the DPG-GNN’s decisions should be enhanced. While the model produces high-quality solutions, 

understanding why a particular route was chosen over another is difficult due to the complexity of the neural 

network and the unrolled optimization loop. Developing post-hoc explanation methods, such as attention-based 

saliency maps or counterfactual explanations, would be valuable for building trust with human operators and 

ensuring accountability in automated decision-making [34]. 

7. Conclusion 

This paper introduced the Differentiable Projection-Guided Graph Neural Network (DPG-GNN), a novel 

framework for solving large-scale logistics optimization problems that integrates hard constraint satisfaction 

directly into a differentiable optimization pipeline. By reformulating the combinatorial solver as a parallel 

fixed-point iteration scheme, the DPG-GNN overcomes the fundamental scalability limitations of 

autoregressive neural methods while maintaining high solution quality. The core technical contributions, a 

sparse hierarchical encoder with cluster-aware attention, a line-graph message-passing step for local 

consistency, and a parallelized ADMM module with differentiable projections onto simplex and Birkhoff 

polytopes, work in concert to produce nearly feasible continuous solutions that can be efficiently rounded to 

integer route plans. 

Experimental results on standard CVRP benchmarks demonstrate that the DPG-GNN achieves state-of-the-art 

performance among neural methods, with an optimality gap of 3.82% on large-scale instances (500-1000 

nodes) and an inference time of only 1.5 seconds, representing a five-fold speedup over autoregressive 

baselines. The high pre-repair feasibility rate of 94.2% confirms the effectiveness of the differentiable 

projection operators in enforcing hard constraints during the refinement process. Ablation studies further 

validate the critical role of each architectural component, particularly the ADMM projection module, which is 
essential for both solution quality and constraint satisfaction. 

The DPG-GNN establishes a principled framework for integrating constraint satisfaction into differentiable 

optimization, with significant implications for real-world logistics planning where both solution quality and 

computational efficiency are paramount. By eliminating the sequential bottleneck of autoregressive methods 

and providing a parallel, end-to-end trainable architecture, this work opens new avenues for deploying neural 

combinatorial optimization in time-sensitive, large-scale applications. 
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